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CONTACT STRUCTURE ON MIXED LINKS
MUTSUO OKA
Abstract. A strongly non-degenerate mixed function has a Milnor
open book structures on a sufficiently small sphere. We introduce the
notion of a holomorphic-like mixed function and we will show that a
link defined by such a mixed function has a canonical contact structure.
Then we will show that this contact structure for a certain holomorphic-
like mixed function is carried by the Milnor open book.
1. Introduction
Let f(z) a holomorphic function with an isolated critical point at the
origin. Then the Milnor fibration of f carries a canonical contact structure
([4, 2]). We consider a similar problem for mixed functions f(z, z¯). We have
shown that strongly non-degenerate mixed functions have Milnor fibrations
on a small sphere [9]. However the situation is very different in the point
that the tangent space of a mixed hypersurface is not a complex vector
space. Therefore the restriction of the canonical contact structure need not
give a contact structure on the mixed link. We introduce a class of mixed
functions called holomorphic-like and we show that the restriction of the
canonical contact structure gives a contact structure on the link (Theorem
13). A typical class of mixed functions we consider are given as the pull-
back g(w, w¯) = ϕ∗a,bf(w, w¯) of a convenient non-degenerate holomorphic
function f(z) by a homogeneous mixed covering ϕa,b : C
n → Cn which is
defined by ϕa,b(w, w¯) = (w
a
1w¯
b
1, . . . , w
a
nw¯
b
n). Such a pull-back is a typical
example of a holomorphic-like mixed function. Then we will show also that
the Milnor open book is compatible with the canonical contact structures
for these mixed functions (Theorem 22).
I would like to thank M. Ishikawa and V. Blanloeil for the stimulating
discussions.
2. Preliminaries
2.1. Mixed functions and polar weightedness. Consider complex an-
alytic function of 2n-variables F (z1, . . . , zn, w1, . . . , wn) expanded in a con-
vergent series
∑
ν,µ cν,µz
νwµ and consider the restriction f(z, z¯) which is
defined by the substitution wj = z¯j , j = 1, . . . , n. We call this real ana-
lytic function an analytic mixed function. Namely f(z, z¯) =
∑
ν,µ cν,µz
ν z¯µ
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where z = (z1, . . . , zn), z¯ = (z¯1, . . . , z¯n), z
ν = zν11 · · · z
νn
n for ν = (ν1, . . . , νn)
(respectively z¯µ = z¯µ11 · · · z¯
µn
n for µ = (µ1, . . . , µn)). Here z¯i is the complex
conjugate of zi. Assume that f is a polynomial. Writing zj = xj + i yj, it is
easy to see that f is a polynomial of 2n-variables x1, y1, . . . , xn, yn. In this
case, we call f a mixed polynomial of z1, . . . , zn.
A mixed polynomial f(z, z¯) is called polar weighted homogeneous if there
exist positive integers q1, . . . , qn and p1, . . . , pn and non-zero integers mr, mp
such that
gcd(q1, . . . , qn) = 1, gcd(p1, . . . , pn) = 1,∑n
j=1 qj(νj + µj) = mr,
∑n
j=1 pj(νj − µj) = mp, if cν,µ 6= 0
The weight vectors Q = (q1, . . . , qn) and P = (p1, . . . , pn) are called the
radial weight and the polar weight respectively. Using radial weight and
the polar weight, we define the radial R>0-action and the polar S
1-action as
follows.
r ◦ z = (rq1z1, . . . , r
qnzn), r ∈ R>0
eiη ◦ z = (eip1ηz1, . . . , e
ipnηzn), e
iη ∈ S1
Then f satisfies the functional equalities
f(r ◦ (z, z¯)) = rmrf(z, z¯), r ∈ R>0(1)
f(eiη ◦ (z, z¯)) = eimpηf(z, z¯), eiη ∈ S1.(2)
These equalities give the following Euler equalities.
(Radial Euler equality) : mrf(z, z¯) =
∑n
i=1 qi(
∂f
∂zi
zi +
∂f
∂z¯i
z¯i)(3)
(Polar Euler equality) : mpf(z, z¯) =
∑n
i=1 pi(
∂f
∂zi
zi −
∂f
∂z¯i
z¯i).(4)
We consider a special type of polar weighted homogeneous polynomial.
A polar weighted homogeneous polynomial f(z, z¯) is called strongly polar
weighted homogeneous if the radial weight and the polar weights are the
same, i.e., pj = qj for j = 1, . . . , n. In this case, the radial and polar Euler
equalities gives:{ ∑n
j=1 pjzj
∂f
∂zj
(z, z¯) =
mr+mp
2 f(z, z¯),∑n
j=1 pj z¯j
∂f
∂z¯j
(z, z¯) =
mr−mp
2 f(z, z¯)
(5)
The above equalities say that f(z, z¯) is a weighted homogeneous polyno-
mial for z and z¯ independently. Furthermore f(z, z¯) is called strongly polar
positive weighted homogeneous if pdegf = mp > 0.
2.2. Euclidean metric and hermitian product. Recall that Cn is canon-
ically identified with R2n by z = (z1, . . . , zn) 7→ zR := (x1, y1, . . . , xn, yn) ∈
R2n. The inner product in R2n is simply the real part of the hermitian prod-
uct in Cn. We denote the hermitian inner product as (z,w) for z,w ∈ Cn
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and the inner product as the vector in R2n as (zR,wR)R. Namely putting
w = (w1, . . . , wn) with wj = uj + ivj ,
(z,w) =
n∑
j=1
zjw¯j , (zR,wR)R =
n∑
j=1
(xjuj + yjvj).
Thus ℜ(z,w) = (zR,wR)R. By the triviality of the tangent bundle TpR
2n, we
identify TpR
2n with R2n = Cn. Thus
∑n
j=1(xj(
∂
∂xj
)p+yj(
∂
∂yj
)p) is identified
with z = (z1, . . . , zn) ∈ C
n and zj = xj + i yj . Recall the complexified
tangent vectors are defined by
∂
∂zj
= 12
(
∂
∂xj
− i ∂∂yj
)
, ∂∂z¯j =
1
2
(
∂
∂xj
+ i ∂∂yj
)
Thus a complex vector z ∈ C2n = R2n is identified with the tangent vector
n∑
j=1
(xj
∂
∂xj
+ yj
∂
∂yj
) =
n∑
j=1
(zj
∂
∂zj
+ z¯j
∂
∂z¯j
).
J : TCn → TCn is the almost complex structure defined by
J(
∂
∂xj
) =
∂
∂yj
, J(
∂
∂yj
) = −
∂
∂xj
J(
∂
∂zj
) = i
∂
∂zj
, J(
∂
∂z¯j
) = −i
∂
∂z¯j
.
For a real valued mixed function h(z, z¯), we define the real gradient gradRh ∈
R2n (or Riemannian gradient in [2]) as
gradR h(z, z¯) =
(
∂h
∂x1
(z, z¯),
∂h
∂y1
(z, z¯) . . . ,
∂h
∂xn
(z, z¯),
∂h
∂yn
(z, z¯)
)
∈ R2n.
We define also the complex gradient of h or hermitian gradient in [2] as
follows.
▽h(z, z¯) = 2
(
∂h
∂z1
(z, z¯), . . . ,
∂h
∂zn
(z, z¯)
)
∈ Cn.
Proposition 1. Assume that h(z, z¯) is a real valued mixed function and
let z(t) = (z1(t), . . . , zn(t)), zj(t) = xj(t) + i yj(t), −1 ≤ t ≤ 1 be a smooth
curve in Cn and let z(0) = u, dzdt (0) = v. Then we have
dh(z(t), z¯(t))
dt
(0) = (vR, gradRh(u, u¯))R = ℜ(v,▽h(u, u¯)).
Proof. The second equality follows from the simple calculation:
dh(z(t), z¯(t))
dt
(0) =
n∑
i=1
vi
∂h
∂zi
(z0, z¯0) +
n∑
i=1
v¯i
∂h
∂z¯i
(z0, z¯0)
=
n∑
i=1
vi
∂h
∂zi
(z0, z¯0) +
n∑
i=1
v¯i
∂h
∂zi
(z0, z¯0)
= ℜ(v,▽h(z0, z¯0)).
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
Thus the tangent space of the real hypersurface H := h−1(0) at a smooth
point z0 is given by
Tx0H = {u ∈ R
2n | (u, gradRh(z0, z¯0))R = 0}
= {w ∈ Cn | ℜ(w,▽ h(z0, z¯0)) = 0}.
For our later purpose, it is more convenient to use the hermitian gradient.
2.2.1. Holomorphic function case. Assume that f(z) is a holomorphic func-
tion defined on a neighborhood of the origin. Then the hermitian gradient
▽f is defined by (see [6, 2])
▽f(z) = (
∂f
∂z1
, . . . ,
∂f
∂zn
).
Consider the complex hypersurface V = f−1(0) ⊂ Cn.
Proposition 2. Assume that p ∈ V is a regular point. Then the tangent
space TpV is the complex subspace given by
TpV = {v ∈ C
n | (v,▽f(z)) = 0}.
Remark 3. Let f(z, z¯) be a complex valued mixed function and write f(z, z¯) =
g(z, z¯) + i h(z, z¯). Consider a mixed hypersurface V = f−1(0) and assume
that p ∈ V is a mixed regular point. Then the tangent space TpV has no
complex structure in general and there does not exist a single gradient vector
to describe TpV . It is described by two hermitian gradient vectors as
TpV = {v ∈ C
n | ℜ(v,▽g(p, p¯)) = ℜ(v,▽h(p, p¯)) = 0}.
2.2.2. Weighted spheres. For a given positive integer vector a = (a1, . . . , an)
and a positive number r > 0, we consider
ρa(z) =
n∑
j=1
aj |zj |
2 =
n∑
j=1
aj(x
2
j + y
2
j )
and we define the weighted sphere Sr(a) by
Sr(a) := {z ∈ C
n | ρa(z) = r
2}.
The standard sphere is defined by the weight vector a = (1, . . . , 1) and in
this case, we simply write Sr. Put z˜(a) = (a1z1, . . . , anzn). Then ▽ ρa(z) =
2z˜(a). Therefore the tangent space at z0 ∈ Sr(a) is given by
Tz0Sr(a) = {w | ℜ(w, z˜0(a)) = 0}, Tz0Sr = {w | ℜ(w, z0) = 0}.
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2.2.3. Transversality of a polar weighted homogeneous hypersurface. Let f
be a polar weighted homogeneous polynomial of radial weight type
(q1, . . . , qn;mr) and of polar weight type (p1, . . . , pn;mp). Let V = f
−1(0)
and write f(z, z¯) = h(z, z¯) + ig(z, z¯) with real valued mixed functions h, g.
Proposition 4. (Transversality) Assume that V has an isolated mixed sin-
gularity at the origin. Then the sphere Sr(a) = {z ∈ C
n; ρa(z) = r
2}
intersects transversely with V for any r > 0.
Proof. The proof is the exact same as that of Proposition 4, [8]. Assume
that z0 ∈ Sa(r)∩V is a point where the sphere is not transverse. Note that
the tangent space is the real orthogonal space to two hermitian gradient
vectors ▽h(z0, z¯0) and ▽ g(z0, z¯0). Let ρa(z, z¯) =
∑n
j=1 aj|zj |
2. The non-
transversality implies for example, there is a linear relation
▽ ρa(z0, z¯0) = α▽h(z0, z¯0) + β▽ g(z0, z¯0)(6)
with some α, β ∈ R. We consider the radial orbit curve z(t) = t ◦ z0 =
(tq1z01, . . . , t
qnz0n). The the tangent vector
dz
dt (1) = z˜0(q) = (q1z01, . . . , qnz0n)
with q = (q1, . . . , qn). Then we have an inequality:
d ρa(z(t))
dt
|t=1 = ℜ(z˜0(q),▽ ρa(z0, z¯0)) = ℜ(z˜0(q), 2z˜0(a)) > 0(7)
On the other hand, the mixed real polynomials h(z, z¯), g((z, z¯) are radially
weighted homogeneous under the same weight q = (q1, . . . , qn). This implies
h(z(t)) ≡ g(z(t)) ≡ 0 and we have two equalities:
dh(z(t))
dt
|t=1 = ℜ(z˜0(q),▽h(z0, z¯0)) = 0,
dg(z(t))
dt
|t=1 = ℜ(z˜0(q),▽ g(z0, z¯0)) = 0.
Now we have a contradiction to ( 7) by ( 6):
0 < ℜ (z˜0(q),▽ ρa(z0, z¯0)) =
αℜ(z˜0(q),▽ h(z0, z¯0)) + β ℜ(z˜0(q),▽ g(z0, z¯0)) = 0.

2.3. Mixed functions of strongly polar weighted homogeneous face
type. Consider a mixed function f(z, z¯) =
∑
ν,µ cνµz
ν z¯µ. Recall that for a
weight vector P = (p1, . . . , pn), the face function fP is defined by the linear
sum of the monomials with the radial degree is the minimum ([9]). Thus
fP (z, z¯) is a radially weighted homogeneous polynomial with the weight P .
2.3.1. Definition. f is called a mixed function of polar positive weighted ho-
mogeneous face type if for any weight vector P with dim ∆(P ) = n − 1,
the face function fP (z, z¯) is a polar weighted homogeneous polynomial with
some weight vector P ′ (P ′ need not be P ) and pdegP ′fP > 0.
f is called a mixed function of strongly polar positive weighted homo-
geneous face type if the face function fP (z, z¯) is a strongly polar positive
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weighted homogeneous polynomial with the same weight vector P , for any
P with dim ∆(P ) = n− 1.
Proposition 5. (1) Assume that f(z, z¯) is a convenient mixed function of
polar positive weighted homogeneous face type. Then for any weight vector
P , fP is also polar weighted homogeneous polynomial.
(2) Assume that f(z, z¯) is a convenient mixed function of strongly polar
positive weighted homogeneous face type. Then for any weight vector P , fP
is also a strongly polar positive weighted homogeneous polynomial.
Proof. The assertion (1) is obvious, as any face ∆ of Γ(f) is a subface of
a face of dimension n − 1. We consider the assertion (2). The assertion
is proved by the descending induction on dim ∆(P ). The assertion for the
case dim ∆(P ) = n− 1 is the definition itself. Suppose that dim ∆(P ) = k
and the assertion is true for faces with dim ∆ ≥ k + 1. In the dual Newton
diagram, P is contained in the interior of a cell Ξ whose vertices Q satisfies
dim ∆(Q) ≥ k+ 1. This implies P is a linear combination
∑s
j=1 aj Qj with
aj ≥ 0 and dim∆(Qj) ≥ k + 1 where Q1, . . . , Qs are vertices of Ξ. This
implies also that ∆(P ) = ∩sj ∆(Qj). Write fP (z, z¯) =
∑
k ckz
νk z¯µk . As fQj
is a strongly polar weighted homogeneous polynomial with weight Qj ,
pdegQjz
νk z¯µk = mj, j = 1, . . . , s
where mj is independent of k. This implies fP is polar weighted homoge-
neous polynomial of weight P with polar degree
∑s
j=1 ajmj > 0. 
As an obvious but important example, we have
Proposition 6. A holomorphic function f(z, z¯) is a mixed function of
strongly polar positive weighted homogeneous face type.
A mixed function of strongly polar weighted homogeneous face type be-
haves like a non-degenerate holomorphic function. In [7], we have proved a
Varchenko type formula for the zeta function.
2.4. Mixed cyclic covering. Consider two non-negative integer vectors
a = (a1, . . . , an) and b = (b1, . . . , bn). We say a is strictly bigger than b if
aj > bj ≥ 0 for any j = 1, . . . , n. If this is the case, we denote it as a≫ b.
For given a,b with a≫ b, we consider real analytic mapping ϕa,b:
ϕa,b : C
n → Cn, ϕa,b(w) = (w
a1
1 w¯
b1
1 , . . . , w
an
n w¯
bn
n ).
We call ϕa,b a mixed cyclic covering mapping associated with integer vec-
tors a = (a1, . . . , an) and b = (b1, . . . , bn). In fact, over C
∗n, ϕa,b : C
∗n →
C∗n is a
∏n
j=1(aj − bj) -fold polycyclic covering.
We say that ϕa,b is homogeneous if a = (a, . . . , a) and b = (b, . . . , b)
where a, b are integers such that a > b ≥ 0. In this case, we denote ϕa,b
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instead of ϕa,b and we call ϕa,b a homogeneous mixed covering. For a given
mixed function f(z, z¯), the pull-back g = ϕ∗a,b(f) is defined by
g(w, w¯) = f ◦ ϕa,b(w, w¯) = f(w
a1
1 w¯
b1
1 , . . . , w
an
n w¯
bn
n ).
Proposition 7. Let f(z, z¯) be a non-degenerate convenient mixed function
of polar weighted homogeneous face type. Let ϕ = ϕa,b be the mixed cyclic
covering associated with a = (a1, . . . , an) and b = (b1, . . . , bn) as above.
Consider the pull-back g(w, w¯) = f(ϕ(w, w¯)). Then g(w, w¯) is a convenient
non-degenerate mixed function of polar weighted homogeneous face type.
If f is of strongly polar positive weighted homogeneous face type and ϕ =
ϕa,b is a homogeneous mixed covering mapping, g is also of strongly polar
positive weighted homogeneous face type.
Proof. Let P be a weight vector and consider fP (z, z¯). It is a radially
weighted homogeneous polynomial under the weight P . Let R = (r1, . . . , rn)
be the polar weight of fP . Let dr and dp be the radial and polar degree
of fP . We consider the normalized weight Q = (q1, . . . , qn) ∈ Q
n and
S = (s1, . . . , sn) ∈ Q
n where qj = pj/dr and sj = rj/dp. We consider
also the normalized weights Qˆ = (qˆ1, . . . , qˆn) and Sˆ = (sˆ1, . . . , sˆn) where
qˆj = qj/(aj + bj), sˆj = sj/(aj − bj), j = 1, . . . , n.
Consider a monomialM = zm11 z¯
ℓ1
1 . . . z
mn
n z¯
ℓn
n in fP , i.e. degQM = 1, pdegSM =
1. Consider the pull-back of M ,
M ′ = ϕ∗M =
n∏
j=1
(w
aj
j w¯
bj
j )
mj (w¯
aj
j w
bj
j )
ℓj
Then by an easy calculation, we have
degQˆM
′ =
n∑
j=1
qj(mj + ℓj) = degQM = 1
pdegSˆM
′ =
n∑
j=1
sj(mj − ℓj) = pdegSM = 1
This implies that ϕ∗fP = gQˆ is a radially weighted homogeneous polynomial
by the normalized weight vector Qˆ and ϕ∗fP is a polar weighted homoge-
neous polynomial by the normal weight vector Sˆ. Non-degeneracy is the
result of the commutative diagram:
C∗n
ϕ
−→ C∗nygQˆ yfQ
C = C
We observe that if ϕ = ϕa,b and pj = rj,
sˆj(a− b)dp = rj = pj = qˆj(a+ b)dr.
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which implies that ϕ∗fP is strongly polar weighted homogeneous. 
As holomorphic functions are obviously mixed functions of strongly polar
weighted homogeneous face type, we have:
Corollary 8. Assume that f(z) is a convenient non-degenerate holomorphic
function and g(w, w¯) = ϕ∗f(w, w¯) with ϕ = ϕa,b. Then g(w, w¯) is a
convenient non-degenerate mixed function of polar weighted homogeneous
face type. If further ϕ = ϕa,b, homogeneous with a > b ≥ 0, g is of strongly
polar positive weighted homogeneous face type.
3. Contact structure
3.1. Contact structure and a contact submanifold of a sphere. Let
M be a smooth oriented manifold of dimension 2n− 1. A contact structure
on M is a hyperplane distribution ξ in the tangent bundle TM (M ∋ p 7→
ξ(p) ⊂ TpM) which is induced by a global 1-form α by ξ(p) = Kerα such
that α∧ (dα)n−1 is nowhere vanishing (2n− 1) form. We say α is positive if
α ∧ (dα)n−1 is a positive form.
We consider the radius function ρ(z, z¯) = z1z¯1 + · · · + znz¯n. The level
manifold ρ−1(r2) is nothing but the sphere Sr. On Sr, we consider the
canonical contact structure ξ defined by the contact form α := −dcρ =
−dρ ◦ J where J is the complex structure. More explicitly,
α =
n∑
j=1
−i(z¯jdzj − zjdz¯j) = 2
n∑
j=1
(xjdyj − yjdxj).
ξ(z) is nothing but the complex hyperplane which is hermitian orthogonal
to z: ξ(z) = {v | (v, z) = 0}.
Let ω = dα = −ddcϕ. Then ω is explicitly written as
ω(z) = 2i
n∑
j=1
dzj ∧ d¯zj = 4
n∑
j=1
dxj ∧ dyj
and ω defines a symplectic structure on ξ. We have a canonical equality
([2]):
4ℜ(u,v) = ω(u, Jv), u,v ∈ TSr.(8)
The Reeb vector field R ∈ Γ(Sr, TSr) is defined by the property:
α(R) = 1, ιR(ω) = 0.
Here ιR is the inner derivative by R. In our case,
R(z) =
iz
2ρ(z)
, or as a tangent vector
=
i
2ρ(z)
n∑
j=1
(zj
∂
∂zj
− z¯j
∂
∂z¯j
) =
1
2r2
n∑
j=1
(xj
∂
∂yj
− yj
∂
∂xj
).
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We consider a real codimension two submanifold K ⊂ Sr. We say K is a
(positive) contact submanifold of Sr if the restriction α|K defines a contact
submanifold, i.e. (2n − 3)-form α ∧ (dα)n−2 is nowhere vanishing form
(respectively positive form) of K.
3.2. Remarks on the orientation. The orientation of Sr is given as fol-
lows. A (2n − 1)-form Ω is positive if and only if dρ ∧ Ω is a positive form
of Cn. Thus α ∧ (dα)n−1 is positive. Let f(z, z¯) = g(z, z¯) + i h(z, z¯) be
a non-degenerate mixed function with an isolated mixed singularity at the
origin. Let Kr = f
−1(0) ∩ Sr with a sufficiently small r. The orientation of
Kr is given by an (2n− 3) form Ω
′ such that dρ ∧Ω′ ∧ dg ∧ dh is a positive
form of Cn.
3.3. Contact structure on mixed links. First we prepare a lemma. Put
f(z, z¯) = g(z, z¯) + i h(z, z¯), where g, h are real valued mixed functions. We
use hereafter the following notation for simplicity .
fzj =
∂f
∂zj
, fz¯j =
∂f
∂z¯j
.
Lemma 9. (1) dρ ∧ α is given as follows.
dρ ∧ α = i
n∑
a,b=1
Aa,b¯ dza ∧ dz¯b, Aa,b¯ = 2z¯azb.
(2) The two form dg ∧ dh can be written as follows.
dg ∧ dh = i
n∑
a,b=1
Ba,b¯dza ∧ dz¯b +R
where
Ba,b¯ =
1
2
(
fzafzb − fz¯afz¯b
)
R is a linear combination of two forms dza ∧ dzb and dz¯a ∧ dz¯b.
Proof. The assertion (1) is a result of a simple calculation:
dρ ∧ α =

 n∑
j=1
(zjdz¯j + z¯jdzj)

 ∧
(
i
n∑
k=1
zkdz¯k − z¯kdzk
)
.
For (2), we use the equality
g =
1
2
(f + f¯), h =
−i
2
(f − f¯).
Thus we have
dg =
1
2
n∑
j=1
{
(fzj + f¯zj)dzj + (fz¯j + f¯z¯j)dz¯j
}
dh =
−i
2
n∑
j=1
{
(fzj − f¯zj)dzj + (fz¯j − f¯z¯j)dz¯j)
}
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As f¯z¯j = fzj and f¯zj = fz¯j , the assertion follows by a simple calculation. 
Corollary 10. The four form dρ ∧ α ∧ dg ∧ dh is given as follows.
dρ ∧ α ∧ dg ∧ dh = −
∑n
a,b=1 Ca,bdza ∧ dz¯a ∧ dzb ∧ dz¯b + S
Ca,b = |z¯afzb − z¯bfza |
2 − |zafz¯b − zbfz¯a|
2
where S is a linear combination of other type of four forms.
Proof. Write
dρ ∧ α ∧ dg ∧ dh = −
n∑
a,b=1
Ca,bdza ∧ dz¯a ∧ dzb ∧ dz¯b + S.
Then by Lemma 9, we have
Ca,b = Aa,a¯Bb,b¯ +Ab,b¯Ba,a¯ −Aa,b¯Bb,a¯ −Ab,a¯Ba,b¯
= |za|
2(|fzb |
2 − |fb¯|
2) + |zb|
2(|fza |
2 − |fz¯a |
2)
−2z¯azb(fzbfza − fz¯bfa¯)− 2z¯bza(fzafzb − fz¯afb¯)
= (zafb − zbfa)(z¯afb − z¯bfa)− (zbfa − zafb)(z¯bfa − z¯afb)
= |z¯afzb − z¯bfza |
2 − |zafz¯b − zbfz¯a |
2.

Define C(z, z¯) :=
∑
1≤a<b≤n Ca,b(z, z¯). By Corollary 10 and an easy com-
putation gives the following.
Corollary 11. We have
dρ ∧ α ∧ dαn−2 ∧ dg ∧ dh(z, z¯)
= in2n−2(n− 2)!C(z, z¯)dz1 ∧ z¯1 ∧ · · · ∧ dzn ∧ dz¯n
= 4n−1(n− 2)!C(z, z¯)dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn.
3.4. Holomorphic-like mixed function. Let U be an open neighborhood
of the origin. A mixed function f(z, z¯) which is defined on U with an isolated
mixed singularity at the origin is called holomorphic-like (respectively anti-
holomorphic-like) if for any z ∈ f−1(0) ∩ U ,
C(z, z¯) =
∑
1≤a<b≤n
Ca,b ≥ 0(9)
Ca,b = |zafzb − zbfza|
2 − |zafz¯b − zbfz¯a |
2(10)
( or respectively C(z, z¯) =
∑
1≤a<b≤n Ca,b ≤ 0).
We say that f(z, z¯) is strictly holomorphic-like (resp. strictly anti-holomorphic-
like ) in U if C(z, z¯) > 0 (resp. C(z, z¯) < 0) on any smooth point z ∈
U ∩ f−1(0) \ {0}.
Remark. If f is a holomorphic function, fz¯j = 0 and Ca,b ≥ 0 for any
1 ≤ a < b ≤ n. Thus f(z) is obviously (strictly) holomorphic-like. If f(z¯) is
an anti-holomorphic function, fzj = 0 and f(z) is anti-holomorphic-like.
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Lemma 12. Assume that f(z) is a holomorphic function and let g(w, w¯) =
ϕ∗f(w, w¯) = f(ϕ(w, w¯)) where ϕ is a mixed homogeneous cyclic covering
associated with integers a > b ≥ 0 (respectively 0 ≤ a < b). Then g is a
holomorphic-like (resp. anti-holomorphic-like) mixed function in a neigh-
borhood of the origin.
Proof. By an easy calculation, we get
gwj = fzj(ϕ(w))aw
a−1
j w¯
b
j ,
gw¯j = fzj(ϕ(w))bw
a
j w¯
b−1
j
and for the case b ≥ 1 we get
Cj,k = |aw¯jw
a−1
k w¯
b
kϕ
∗fzk − aw¯kw
a−1
j w¯
b
jϕ
∗fzj |
2
− |bwjw
a
kw¯
b−1
k ϕ
∗fzk − bwkw
a
j w¯
b−1
j ϕ
∗fzj |
2
= (a2 − b2)|wjwk|
2
(
wa−1k w¯
b−1
k ϕ
∗fzk − w
a−1
j w¯
b−1
j ϕ
∗fzj
)2
If b = 0, g is a holomorphic function and
Cj,k = a
2|w¯jw
a−1
k ϕ
∗fzk − w¯kw
a−1
j ϕ
∗fzj |
2 ≥ 0.

We are ready to state the first main theorem.
Theorem 13. Assume that f(z) is a convenient non-degenerate holomor-
phic function. Consider a mixed homogeneous covering ϕ = ϕa,b : C
n → Cn,
ϕ(w, w¯) = (wa1w¯
b
1, . . . , w
a
nw¯
b
n) and let g(w, w¯) = f(ϕ(w, w¯)). Assume that
a > b > 0 (respectively 0 < a < b) and consider the link Kr := g
−1(0) ∩ Sr.
Then there exists a positive number r0 so that g is strictly holomorphic-
like (resp. anti-holomorphic-like) on Br0 and Kr ⊂ Sr is a positive (resp.
negative) contact submanifold for any r, 0 < r ≤ r0.
If f(z) is weighted homogeneous, g(w, w¯) is strictly holomorphic-like (resp.
anti-holomorphic-like) on Cn and Kr ⊂ Sr is a positive contact submanifold
for any r > 0.
Proof. By the convenience assumption of f(z), g(w, w¯) is convenient. As
f(z) has an isolated singularity at the origin and the restriction ϕ : C∗I →
C∗I is a covering mapping for any I ⊂ {1, . . . , n}, gI has an isolated mixed
singularity at the origin. Put g(w, w¯) = ℜg(w, w¯) + iℑg(w, w¯). As a
submanifold of Cn, K is a complete intersection variety defined by three real
valued functions ρ = ℜg = ℑg = 0. As the proof is completely the same, we
assume that a > b > 0. To prove α∧dαn−2 is positive non-vanishing on Kr,
we can equivalently show that dρ ∧ α ∧ dαn−2 ∧ dℜg ∧ dℑg is locally non-
vanishing on an arbitrary chosen point z ∈ Kr and positive. This follows
from the fact that by the complete intersection property ρ,ℜg,ℑg can be a
part of real coordinate system of Cn near any point of Kr. Namely there
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exist real analytic functions h4, . . . , h2n such that (ρ,ℜg,ℑg, h4, . . . , h2n) are
local coordinates. By Corollary 11 and Corollary, we have
dρ ∧ α ∧ dαn−2 ∧ dℜ g ∧ dℑ g(w, w¯) =
in2n−2(n− 2)!C(w, w¯)dw1 ∧ dw¯1 ∧ · · · ∧ dwn ∧ dw¯n
The proof of the theorem is reduced to the following Lemma. 
Lemma 14. (1) A smooth link K = g−1(0) ∩ Sr is a contact submanifold
of Sr if and only if C(w, w¯) > 0 on K.
(2) Assume that g = ϕ∗f be as in Theorem 13 with a > b > 0. Then there
exists a sufficiently small neighborhood U of the origin so that C(w, w¯) > 0
for any w ∈ g−1(0) ∩ U \ {0}.
If further f(z) is weighted homogeneous, U can be the whole space Cn.
Proof. Recall that
Cj,k = (a
2 − b2)|wjwk|
2
(
wa−1k w¯
b−1
k ϕ
∗fzk − w
a−1
j w¯
b−1
j ϕ
∗fzj
)2
Suppose that C(w, w¯) = 0 for any small neighborhood. Applying the Curve
Selection Lemma ([5]), we get a real analytic curve w(t), 0 ≤ t ≤ 1 such
that for any 1 ≤ j, k ≤ n,{
wjwk
(
wa−1k w¯
b−1
k ϕ
∗fzk − w
a−1
j w¯
b−1
j ϕ
∗fzj
)
|w=w(t) = 0,
g(w(t), w¯(t)) ≡ 0, w(t) ∈ Cn \ {0}, t 6= 0.
(11)
Let I = {j |wj(t) 6= 0}. Note that |I| ≥ 2 as each coordinate axis is not
included in g−1(0) by the convenience assumption. By the non-degeneracy
assumption on f , there exists j ∈ I such that fzj(ϕ(w(t), w¯(t))) 6= 0. This
implies by (11),
wk(t)fzk(ϕ(w(t), w¯(t))) 6= 0
for any k ∈ I. Take k ∈ I and put
γ(t) = wa−1k w¯
b−1
k ϕ
∗fzk |w=w(t).
Then γ(t) 6≡ 0 and γ(t) does not depend on the choice of k ∈ I. Put
vj(t) :=
dwj(t)
dt and take the differential of (11). As vj = 0 for j /∈ I, we get
0 =
dg(w(t), w¯(t))
dt
=
n∑
j=1
fzj(ϕ(w(t), w¯(t)))(awj(t)
a−1w¯j(t)
bvj(t) + bwj(t)
aw¯j(t)
b−1v¯j(t))
= γ(t)
n∑
j=1
(a w¯j(t)vj(t) + bwj(t)v¯j(t))
= γ(t)
(a+ b)
2
d‖w(t)‖2
dt
.
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Thus d‖w(t)‖
2
dt ≡ 0 . The last equality is derived from
d(‖w(t)‖2
dt
=
n∑
j=1
(wj(t)v¯j(t) + w¯j(t)vj(t)) = 2ℜ
n∑
j=1
wj(t)v¯j(t).
This implies that ‖w(t)‖ is constant which is a contradiction to the assump-
tion ‖w(t)‖ → 0 (t→ 0).
We prove the second assertion. Assume that f(z) is a weighted homo-
geneous polynomial of degree d with a weight vector P = (p1, . . . , pn) and
a > b > 1. Then g = ϕ∗f is a strongly polar weighted homogeneous polyno-
mial with rdegP g = (a+ b)d and pdegP g = (a − b)d. Put I = {j |wj 6= 0}.
Assume that Cj,k(w, w¯) = 0 for any j, k for some w ∈ g
−1(0) \ {0}. Put
γ = wa−1k w¯
b−1
k ϕ
∗fzk
for any fixed k ∈ I. Note that γ is independent of k ∈ I. As f I (and also
gI ) has an isolated singularity at the origin, γ 6= 0. Then this implies that
gwj = aw
a−1
j w¯
b
jϕ
∗fzj = aγw¯j, j ∈ I
and by Euler equality (5), we get a contradiction
0 = a d g(w, w¯) =
n∑
j=1
pjwjgwj
=
∑
j∈I
pjwjgwj
= γa
∑
j∈I
pj|wj |
2 6= 0.

Corollary 15. Assume that f(z) is a holomorphic function with isolated
singularity at the origin. Consider the link Kr := g
−1(0) ∩ Sr. Then there
exists a positive number r0 so that Kr ⊂ Sr is a positive contact submanifold
for any 0 < r ≤ r0.
If f(z) is weighted homogeneous, Kr ⊂ Sr is a positive contact submani-
fold for any r > 0.
Proof. The proof is parallel to that of Lemma 14. Recall that
Cj,k = |az¯jfzk − az¯kfzj |
2.
We do the same argument. If {z ∈ Cn |C(z, z¯) = 0} ∩ f−1(0) is not isolated
at the origin, we take an analytic curve z(t) ∈ {z |C(z, z¯) = 0} ∩ f−1(0) as
above. Putting I = {j | zj(t) 6= 0} as above, we get |I| ≥ 2. As f |C
I has an
isolated singularity, we can assume that fzk(z(t)) 6= 0 for some k ∈ I. Take
j ∈ I with j 6= k. Then Cj,k = 0 implies that z¯j(t)fzk(z(t)) 6= 0 and thus
k ∈ I and fzj(z(t)) 6= 0. Put c(z) = fzk(z)/z¯k for a fixed k ∈ I. This is a
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non-zero and independent of k ∈ I. Note that vk(t) = 0 for k /∈ I. Therefore
we get
0 =
df(z(t))
dt
=
n∑
j=1
fzj(z(t))vj(t)
=
∑
j∈I
fzj(z(t))vj(t) = c(z(t))
∑
j∈I
z¯j(t)vj(t)
and we get the same contradiction d‖z(t)‖
2
dt ≡ 0.
Finally assume further f(z) is weighted homogeneous of degree d with
weight vector P = (p1, . . . , pn). Put I = {j | zj 6= 0} as above and put
c(z) = fzk(z)/z¯k for k ∈ I. Then fzj(z) = c(z)z¯k and we get the same
contradiction:
0 = f(z) =
n∑
j=1
pjzjfzj(z) =
n∑
j=1
c(z)pj |zj |
2 6= 0.
Remark 16. Corollary 15 gives a simple proof of holomorphic link to be a
contact submanifold without using the strict pseudo-convex property.

4. Open book structure.
4.1. Open book. An open book with binding N on an oriented manifold
M of dimension 2n − 1 is a couple (N, θ) where N is a codimension two
submanifold with a trivial normal bundle and θ : M \ N → S1 is a local
trivial smooth fibration where θ coincide with the angular coordinate of the
trivial tubular neighborhood N × Dδ ⊂ M ([4, 2]). The orientation of M
gives a canonical orientation to the fiber Fη := θ
−1(η) for each η ∈ S1.
Restricting the fibration on M \N ×Dδ , the fiber F
′
η := Fη ∩ (M \N ×Dδ)
is a manifold with boundary N . Thus N has also a canonical orientation.
4.2. Contact structure carried by an open book. Assume that we
have a contact form ξ defined by a global 1-form α as before. We say that
a contact structure ξ is carried by an open book (N, θ) if the following are
satisfied ([4]).
(1) The restriction of α to N is a contact form on N .
(2) The two-form dα defines a symplectic form of each fiber Fη = θ
−1(η).
(3) The orientation of N induced by α is the same as that of the bound-
ary of Fη .
Recall that the condition (2) is equivalent to dθ(R) > 0 where R is the Reeb
vector field ([4, 3]). For further detail about a contact structure carried with
an open book and symplectic structures, see H. Geiges [3], Giroux [4], R.
Berndt [1] and Caubel-Nemethi-Popescu-Pampu [2].
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4.3. Milnor open book for mixed functions. Let g(z, z¯) be a convenient
strongly non-degenerate mixed function. Let V = g−1(0) and we assume
that V has an isolated mixed singularity at the origin. By Theorem 33 ([9]),
we have
Theorem 17. For a sufficiently small r, the mapping
g/|g| : Sr \Kr → S
1(12)
is a locally trivial fibration.
By the transversality, we have a trivial tubular neighborhood Kr × Dδ
such that the following diagram commutes.
Kr ×Dδ ⊂ Kr ×D
∗
δ ⊂ Sr \Kryp yg/|g|
D∗δ
normal
−→ S1
where D∗δ = {η ∈ C | 0 6= η, |η| ≤ δ}, p is the second projection and normal
is the normalization map η 7→ η/|η‖. The argument θ is characterized by
the equality:
log g(z, z¯) = log |g(z, z¯)|+ iθ.
From this and the obvious equality |g(z, z¯)|2 = g(z, z¯)g¯(z, z¯), we have
Proposition 18.
∇θ = i
(
gz1
g¯
−
gz¯1
g
, . . . ,
gzn
g¯
−
gz¯n
g
)
,(13)
dθ = −i
(
∂g + ∂¯g
g
−
∂g¯ + ∂¯g¯
g¯
)
,(14)
where ∂, ∂¯ are defined for a mixed function h by
dh = ∂h+ ∂¯h, ∂h =
n∑
j=1
hzjdzj , ∂¯h =
n∑
j=1
hz¯jdz¯j .
4.4. Contact structure carried by a Milnor open book. We consider
the existence problem of the contact structure carried by a Milnor open book
for polar weighted homogeneous mixed functions. We consider a homoge-
neous mixed covering lifting g(w, w¯) = f(wa1w¯
b
1, . . . , w
a
nw¯
b
n) with a > b ≥ 0
where f(z) is a convenient non-degenerate holomorphic function defined in
a neighborhood of the origin.
4.4.1. Strongly polar homogeneous case. First we consider the easy case that
f(z) is a homogeneous polynomial of degree d. Then g(w, w¯) is a strongly
polar homogeneous polynomial with rdeg g = d(a+ b), pdeg g = d(a− b). In
this case, we assert:
Theorem 19. Assume that f(z) is a homogeneous polynomial with pdeg f =
d > 0. The canonical contact form α and ω is adapted with the Milnor open
book θ : S2n−1r \Kr → S
1 for any r > 0.
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Proof. Recall that Reeb vector field R and dθ are given on Sr by
R(z) =
i
2r2
n∑
j=1
(zj
∂
∂zj
− z¯j
∂
∂z¯j
)
dθ = −i
{
∂g + ∂¯g
g
−
∂g¯ + ∂¯g¯
g¯
}
In fact, we use the polar Euler equality:
n∑
j=1
(
zjgzj − z¯jgz¯j
)
= d(a− b)g
and its conjugate:
n∑
j=1
(
z¯j g¯z¯j − zj g¯zj
)
= d(a− b)g¯.
Using these Euler equalities, we get:
dθ(R) =
∂g(R) + ∂¯g(R)
g
−
∂g¯(R) + ∂¯g¯(R)
g¯
=
n∑
j=1
zjgzj − z¯jgz¯j
g
−
n∑
j=1
zj g¯zj − z¯j g¯z¯j
g¯
= 2 d (a− b) > 0.
This shows that for any radius r > 0, the canonical contact structure on
Kr ⊂ Sr is adapted with the Milnor fibration. 
5. General case
We are interested in the existence of open book structure adapted to
the contact structure which is the restriction of α to the link Kr ⊂ Sr
where Kr = g
−1(0) ∩ Sr. We have shown that there exists a canonical
Milnor fibration on g/|g| : Sr \ {Kr} → S
1 by [9]. However this fibration is
not adapted with the symplectic structure given by dα. Therefore we will
change the contact form α without changing the contact structure ξ so that
the new contact form will be carried by the Milnor open book. We follow
the proof of Theorem 3.9 in [2] for the holomorphic functions in Caubel-
Ne´methi-Popescu-Pampu.
We modify the contact form α by
αc = e
−c|g|2α
with a sufficiently large positive real number c > 0. This does not change
the contact structure ξ = Kerα but the two form ωc = dαc is changed as
ωc = d(e
−c|g|2) ∧ α+ e−c|g|
2
dα
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and the corresponding symplectic structure changes. Consider the new Reeb
vector field Rc. Put H = e
−c|g|2. Put also Rc = k(R+Sc) with Sc is tangent
to ξ. Then we get kH = 1. As
dαc = dH ∧ α+H dα,
the condition for Rc to be the Reeb vector field ιRcdαc|ξ = 0 gives the
condition:
ιScω|ξ =
dH
H
|ξ = −c d|g|
2.(15)
Put π : TwC
n → ξ(w) be the hermitian orthogonal projection. Namely,
π(v) = v− (v, R˜)R˜ and R˜ = R/‖R‖. Then (15) implies by (8) that
ιScω|ξ = −c d|g|
2|ξ = ℜ(−c▽ |g|
2, ·)|ξ
=
1
4
ω(ic▽ |g|2, ·)|ξ = ω(π(ic▽ |g|
2)/4, ·)|ξ
= ιπ(ic▽|g|2)/4ω|ξ.
As ω is non-degenerate on ξ, we get
Sc = π(ic▽ |g|
2/4)(16)
Thus we get
|g|2dθ(Rc) = k|g|
2dθ(R) + kℜ(|g|2 ▽ θ, Sc)(17)
= k|g|2dθ(R) + kℜ(π(|g|2 ▽ θ), π(ic▽ |g|2/4)).(18)
For simplicity, we introduce two vectors
▽∂ g = (gw1 , . . . , gwn)(19)
▽∂¯g = (gw¯1 , . . . , gw¯n).(20)
Remark 20. In our previous paper [8], we used the notation dg and d¯g
instead of ▽∂g and ▽∂¯g. We changed notations as the previous notations
are confusing with 1-forms ∂g, ∂¯g. We use dg not for ∂g but dg = (∂+ ∂¯)g.
Recall that
▽ |g|2 = 2g▽∂g + 2g¯ ▽∂¯ g(21)
|g|2 ▽ θ = ig▽∂g − ig¯▽∂¯ g.(22)
Thus 2|g|2▽ θ and i▽|g|2 are different in the case of mixed functions. This
makes a difficulty. (In the holomorphic function case, they are the same up
to a scalar multiplication, as ▽∂¯g vanishes.)
Put π′ : Cn → C · R be the orthogonal projection to the complex line
C · R = C · w generated by R or w. Namely π′(v) = (v,w)w/‖w‖2 =
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(v, R)R/‖R‖2. Then π(v) = v− π′(v). Consider the expression:
g▽∂g = v11 + v12,
{
v11 = π(g▽∂g)
v12 = π
′(g▽∂g)
(23)
g¯▽∂¯ g = v21 + v22,
{
v21 = π(g¯▽∂¯g)
v12 = π
′(g¯▽∂¯g).
(24)
Using this expression, we get
π(ic▽ |g|2/4) =
ic
2
(v11 + v21)(25)
π(|g|2 ▽ θ) = i(v11 − v21)(26)
Thus we get
|g|2dθ(Rc) = k|g|
2dθ(R) + kℜ(π(|g|2 ▽ θ), π(ic▽ |g|2/2))(27)
= k|g|2dθ(R) +
ck
2
(‖v11‖
2 − ‖v21‖
2).
Here we have used the equality: ℜ(v21,v11) = ℜ(v11,v21). The key assertion
is the following.
Lemma 21. We have the inequality: ‖v11‖
2 − ‖v21‖
2 ≥ 0 and the equality
takes place if and only if ▽∂g(w, w¯) = λ1w and ▽∂¯g(w, w¯) = λ2w for some
λ1, λ2 ∈ C. In this case, we have also ▽θ = λR for some λ ∈ C.
Proof. Let v1 = g▽∂g and v2 = g¯ ▽∂¯ g. As {v11,v12} and {v12,v22} are
hermitian orthogonal, we have
‖v11‖
2 = ‖v1‖
2 − ‖v12‖
2, ‖v21‖
2 = ‖v2‖
2 − ‖v22‖
2.
We go now further precise expression. Put
v1 = (v
1
1 , . . . , v
n
1 ), v2 = (v
1
2 , . . . , v
n
2 ).
Then we have
vj1 = g(w, w¯) fzj(ϕ(w, w¯)) aw¯
a−1
j w
b
j
vj2 = g¯(w, w¯) fzj(ϕ(w, w¯)) bw
a
j w¯
b−1
j .
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Recall that R = iw/2ρ(w). Thus
v12 =

 n∑
j=1
g(w, w¯) fzj (ϕ(w, w¯))aw¯
a
jw
b
j

w/‖w‖2
= a g(w, w¯)

 n∑
j=1
fzj(ϕ(w, w¯))w¯
a
jw
b
j

w/‖w‖2
v22 =

 n∑
j=1
g¯(w, w¯)fzj (ϕ(w, w¯))bw
a
j w¯
b
j

w/‖w‖2
= b(¯w, w¯)g(w, w¯)

 n∑
j=1
fzj(ϕ(w, w¯))w
a
j w¯
b
j

w/‖w‖2.
Thus we get
0 ≤ ‖v11‖
2 = ‖v1‖
2 − ‖v12‖
2
= a2|g|2
n∑
j=1
|fzj |
2|wj|
2(a+b−1) − a2|g|2
∣∣∣∣∣∣
n∑
j=1
fzj w¯
a
jw
b
j
∣∣∣∣∣∣
2
= a2|g|2(γ − β)
0 ≤ ‖v21‖
2 = ‖v2‖
2 − ‖v22‖
2
= b2|g|2
n∑
j=1
|fzj |
2|wj|
2(a+b−1) − b2|g|2
∣∣∣∣∣∣
n∑
j=1
fzjw
a
j w¯
b
j
∣∣∣∣∣∣
2
= b2|g|2(γ − β)
where


γ =
∑n
j=1 |fzj |
2|wj|
2(a+b−1)
β =
∣∣∣∑nj=1 fzj w¯ajwbj∣∣∣2 .
Thus γ ≥ β and we have
‖v11‖
2 − ‖v21‖
2 = (a2 − b2)|g|2(γ − β) ≥ 0
and the equality holds if and only if γ = β. This is equivalent to ‖v11‖ =
‖v21‖ = 0 and this implies ▽∂g(w, w¯) = λ1w and ▽∂¯g(w, w¯) = λ2w for
some λ1, λ2 ∈ C. The last assertion follows from |g|
2 ▽ θ = i(v1 − v2).

5.1. Main theorem. Now we are ready to state our main theorem. Let
ϕ(w, w¯) = (wa1w¯
b
1, . . . , w
a
nw¯
b
n) with a > b > 0 as before.
Main Theorem 22. Assume that f(z) is a convenient non-degenerate
holomorphic function so that g(w, w¯) = ϕ∗f(w, w¯) is a convenient non-
degenerate mixed function of strongly polar weighted homogeneous face type.
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Then there exists a positive number r0 such that the Milnor open book
f/|f | : Sr \Kr → S
1 carries a contact structure for any r > 0 with r ≤ r0.
If further f(z) is a weighted homogeneous polynomial, we can take r0 =∞
and any r > 0.
Proof. For the proof, we do the same discussion as that of Caubel-Ne´methi-
Popescu-Pampu [2]. Let
Zδ := {w ∈ S
2n−1
r \ Vδ | dθ(R) ≤ 0}, Vδ = S
2n−1
r ∩ g
−1(Dδ)
where δ is sufficiently small so that f−1(0) and Sr are transverse and Vδ is
a trivial tubular neighborhood. Let αc and Rc be as before. As we have
shown that
|g|2dθ(Rc) = k|g|
2dθ(R) +
ck
2
(‖v11‖
2 − ‖v21‖
2)
with k = 1/e−c|g|
2
and the second term is non-negative and the equality holds
(i.e. ‖v11‖
2 − ‖v21‖
2 = 0) if and only if ∇θ = λR. In this case, dθ(R) =
ℜλ‖R‖2 and dθ(R) is positive if ℜλ > 0. Thus taking sufficiently large
c > 0, we only need to show that ∇θ and R are linearly independent on Zδ.
Thus the following lemma completes the proof. Compare with Proposition
3.8 ([2]). 
Lemma 23. Assume that ∇θ(w) = λR(w) on w ∈ Zδ for some λ ∈ C.
(1) Assume that f(z) is convenient non-degenerate weighted homoge-
neous polynomial. Then λ is a positive real number.
(2) If f(z) is not weighted homogeneous but a convenient non-degenerate
mixed function of strongly polar weighted homogeneous face type,
there exists a positive number r0 such that ℜλ is positive for any
w ∈ Sr \ g
−1(0) and r ≤ r0.
Proof. (1) Assume that f(z) is a weighted homogeneous of degree d with
weight vector P = (p1, . . . , pn). Let mr = (a + b)d and mp = (a − b)d, the
radial and polar degree of g(w, w¯). The assumption says that
λwj =
1
g¯(w, w¯)
gwj (w, w¯)−
1
g(w, w¯)
gw¯j(w, w¯)(28)
for j = 1, . . . , n. Taking the summation of ( 28)×pjw¯j for j = 1, . . . , n, we
get:
λ
n∑
j=1
pj |wj|
2 =
1
g¯(w, w¯)
n∑
j=1
pjw¯jgwj (w, w¯)−
1
g(w, w¯)
n∑
j=1
pjw¯jgw¯j(w, w¯)
= (mr +mp)− (mr −mp) = 2mp > 0
by the strong Euler equalities ( 5). This implies λ is a positive number.
(2) General case. Assume that g(w, w¯) is a convenient non-degenerate
mixed function of strongly polar weighted homogeneous face type. Assume
that the assertion (2) does not hold. Using Curve Selection Lemma ([6, 5]),
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we can find a real analytic curve w(t) ∈ Cn \ f−1(0) for 0 < t ≤ ε and
Laurent series λ(t) such that
▽ θ(w(t)) = λ(t)R(w(t))(29)
such that ∇θ(R(λ(t))) ≤ 0. We show this give a contradiction by showing
limt→0 argλ(t) = 0.
Let I = {j |wj(t) 6≡ 0}. Then |I| ≥ 2 and we restrict our the discussion
to the coordinate subspace CI and gI = g|CI . For the notation’s simplicity,
we assume that I = {1, . . . , n} hereafter. Consider the Taylor (Laurent)
expansions:
wj(t) = ajt
pj + (higher terms), j = 1, . . . , n,
λ(t) = λ0t
ℓ + (higher terms),
g(w(t), w¯(t)) = g0t
d + (higher terms)
where aj , λ0, g0 6= 0 and pj ∈ N, ℓ ∈ Z. Then the equality ( 29) says
λ(t)wj(t) =
gwj (w(t), w¯(t))
g¯(w(t), w¯(t))
−
gw¯j (w(t), w¯(t))
g(w(t), w¯(t))
,(30)
for j = 1, . . . , n. Consider the weight vector P = (p1, . . . , pn) and the face
function fP . Then gP = ϕ
∗fP . By ( 30) we get the equalities:
λ0ajt
pj+ℓ + · · · =
(
(gP )wj(a)
g¯0
−
(gP )w¯j (a)
g0
)
td(P ;f)−pj−d + . . . .(31)
where j = 1, . . . , n and a = (a1, . . . , an). The order of the left side for j is
pj + ℓ. The order of the right side is at least d(P ; f)− pj − d. Thus we have
pj + ℓ ≥ d(P ; f)− pj − d.(32)
Put
Cj :=
(
(gP )wj (a)
g¯0
−
(gP )w¯j(a)
g0
)
.
The equality in ( 32) holds if Cj 6= 0:
pj + ℓ = d(P, g) − pj − d, if Cj 6= 0.(33)
We assert that
Assertion 24. There exists some j such that Cj 6= 0.
Proof. Assume that C1 = · · · = Cn = 0. This implies that ∇∂g(a) =
u∇∂¯g(a) with u = b¯/b and therefore we see that a is a critical point of
gP : C
∗n → C by Proposition 1 ([8]) which contradicts to the non-degeneracy
assumption. 
Let pmin = min {pj | j = 1, . . . , n} and J = {j | pj = pmin} and let pmax =
max{pj |Cj 6= 0} and J
′ = {j | pj = pmax, Cj 6= 0}. We assert that
Assertion 25. pmin = pmax.
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Proof. Assume that pmin < pmax. Then we have a contradiction: For k ∈ J
and j ∈ J ′,
pk + ℓ < pj + ℓ = d(P, g) − pj − d < d(P, g) − pk − d
which contradicts to ( 33). 
Thus we have proved the equivalence Cj = 0 ⇐⇒ j /∈ J and comparing
the leading coefficients of (31),
λ0 ak = Ck, pmin + ℓ = d(P, g) − pmin − d, ∀k ∈ J.(34)
Then taking the summation
∑
j∈J pj a¯j × (34) , we get the equality∑
k∈J
pkλ0a¯kak =
∑
k∈J
pka¯kCk.(35)
The left side is λ0
∑
k∈J pk |ak|
2 6= 0. The right side is
∑
k∈J
pka¯kCk =
n∑
k=1
pka¯kCk
=
n∑
k=1
pka¯k
(
(gP )wj(a, a¯)/g¯0 − (gP )w¯j(a, a¯)/g0
)
= (rdeg(P, gP ) + pdeg(P, gP ))gP (a, a¯)/g¯0
−(rdeg(P, gP )− pdeg(P, gP ))gP (a, a¯)/g0.
As the left side is non-zero, we have gP (a, a¯) 6= 0 and d = d(P, g) and
g0 = gP (a, a¯). Thus we finally obtain the equality
λ0
∑
k∈J
pk|ak|
2 = 2pdeg(P, gP )
which implies λ0 > 0 and thus limt→0 arg λ(t) = 0. As dθ(R(w(t))) =
ℜ∇θ(R(w(t))) = ℜλ(t)‖R(w(t))‖2 > 0 for a sufficiently small t, this is a
contradiction. 
Remark 26. 1. Lemma 23 hold for any convenient non-degenerate mixed
function g(w, w¯) of strongly polar weighted homogeneous face type, as the
proof do not use the assumption g = ϕ∗f .
2. Let g = ϕ∗f where f(z) is a convenient non-degenerate holomorphic
function and ϕa,b is a homogeneous cyclic covering map. Then
Assertion 27. The link topology of g−1(0) is a combinatorial invariant and
it is determined by Γ(f).
Proof. Assume that f ′(z) is another convenient non-degenerate holomorphic
function with Γ(f ′) = Γ(f) and letg′ = ϕ∗f ′. Take a one-parameter family
ft(z), 0 ≤ t ≤ 1 so that Γ(ft) = Γ(f), f0 = f, f1 = f
′ and ft(z) is non-
degenerate for any t. The we get a one-parameter family gt := ϕ
∗ft of
mixed function of strongly polar weighted homogeneous face type. Then
their links are certainly isotopic. 
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Observe that there exists in general mixed functions h(w, w¯) which is
convenient, non-degenerate and of strongly polar weighted homogeneous face
type but it is not a homogenous lift of a holomorphic function. In such a
case, the topology of the links of g and h may be different. See Example 5.4
in [7].
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